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INSTABILITY OF RATIONAL AND POLYNOMIAL CONVEXITY
STEFAN NEMIROVSKI
Abstract. It is shown that rational and polynomial convexity of totally real
submanifolds is in general unstable under perturbations that are Cα-small for any
Ho¨lder exponent α < 1. This complements the result of Løw and Wold that these
properties are C1-stable.
1. Introduction
A smooth submanifold in Cn is called totally real if its tangent spaces contain no
complex lines. A compact totally real submanifold is polynomially or, respectively,
rationally convex if and only if every continuous function on it can be uniformly ap-
proximated by polynomials or, respectively, rational functions (see e.g. [12, Theorem
1.2.10 and Corollary 6.3.3]).
Løw and Wold [9, Corollary 1] proved that a C1-small perturbation of a poly-
nomially convex totally real submanifold M b Cn remains polynomially convex.
Their argument applies mutatis mutandis to prove that the same holds for ratio-
nally convex totally real submanifolds. The purpose of this note is to show that
these conclusions are no longer true if the perturbations are only Cα-small for any
Ho¨lder exponent α < 1 (and the dimension of M is ≥ 2, see Remark 1.3).
Theorem 1.1. Let T be a rationally convex totally real 2-torus in C2. For every
α < 1, there exist totally real tori that are arbitrarily Cα-close and smoothly isotopic
to T but are not rationally convex.
Our construction changes the Maslov class of the torus, so the perturbed tori are
not isotopic (or even regularly homotopic) to T through totally real tori.
Corollary 1.2. Let T˜ = {(z1, z2, z3) ∈ C3 | |z1| = |z2| = 1, z1z2z3 = 1}. Then T˜ is
a polynomially convex totally real 2-torus in C3 and for every α < 1 there exists a
Cα-close totally real 2-torus in C3 that is neither polynomially nor rationally convex.
Proof. Every continuous function on T˜ can be uniformly approximated by a Laurent
polynomial in z1 and z2 which can be written as a polynomial in z1, z2, and z3 =
1
z1z2
.
So T˜ is polynomially convex in C3.
Let T ′st be a 2-torus in C2 that is Cα-close to the standard torus
Tst = {(z1, z2) ∈ C2 | |z1| = |z2| = 1}
and is not rationally convex. Such a torus exists by Theorem 1.1. Set
T˜ ′ = {(z1, z2, z3) ∈ C3 | (z1, z2) ∈ T ′st, z1z2z3 = 1}.
This is a totally real 2-torus in C3 that is Cα-close to T˜ . If it were rationally convex,
rational functions of (z1, z2) would be dense in the space of continuous functions
on T ′st, which is impossible since that torus is not rationally convex. 
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2 NEMIROVSKI
The tori in the corollary are isotopic to T˜ through totally real 2-tori in C3. This
follows by a general position argument. Indeed, the space of complex lines has (real)
codimension ≥ 4 in the space of all real two-planes in Cn for n ≥ 3 and therefore a
generic isotopy of embedded surfaces in C3 is through totally real surfaces.
Similar examples in higher dimensions are obtained by considering product tori
of the form
T ′ = {z ∈ Cn | (z1, z2) ∈ T ′st and |zj| = 1 for j ≥ 3}
and setting
T˜ ′ = {z ∈ Cn+1 | (z1, . . . , zn) ∈ T ′, z1 · · · zn+1 = 1}.
Then T ′ is a non rationally convex deformation of the standard n-torus in Cn and
T˜ ′ is a non rationally convex deformation of its polynomially convex lift to Cn+1.
Remark 1.3. Polynomial convexity is well-known to be C0-stable for 1-dimensional
totally real tori, that is, for C1-smooth closed curves Γ ∈ Cn. Indeed, if Γ is
polynomially convex, then every continuous function on Γ can be approximated
by polynomials and, in particular, there exist polynomials P+ and P− such that
Γ ∩ {P+P− = 0} = ∅ and ∆Γ argP± = ±2pi. A curve Γ′ sufficiently C0-close to Γ
is homotopic to it in Cn \ {P+P− = 0} and hence ∆Γ′ argP± = ±2pi. However, if
Γ′ is not polynomially convex, then it is the boundary of a 1-dimensional complex
analytic set by the classical result of Wermer [13]. It follows from the argument
principle that the variation of the argument of all holomorphic functions on Γ′ must
have the same sign, a contradiction.
Remark 1.4. The result of Corollary 1.2 can be restated in the following way.
Consider the 2-torus as the product S1 × S1 with the angular coordinates (θ1, θ2).
Laurent polynomials of eiθ1 and eiθ2 are dense in the space of continuous functions
on the torus. The theorem of Løw and Wold asserts that this property holds for
any pair of functions (depending on both variables) that are sufficiently C1-close to
the exponentials. On the other hand, this may no longer be so for functions that
are Cα-close to them even if they separate points on the torus and have C-linearly
independent differentials.
2. Proof of Theorem 1.1
By a result of Duval [3] (see also [4]), a totally real surface Σ ⊂ Cn is rationally
convex if and only if it is Lagrangian with respect to a Ka¨hler form ω on Cn that
is standard (i.e. equal to ωst = dd
c‖z‖2) outside of a sufficiently large ball. (We are
only going to use the easier ‘only if’ part of this statement.) Let ωt = (1− t)ω+ tωst,
t ∈ [0, 1], be the linear homotopy of Ka¨hler forms connecting ω to ωst. By Moser’s
stability theorem, there exists a family of compactly supported diffeomorphisms ft,
t ∈ [0, 1], of Cn with f0 = id such that f ∗t ωt = ω. Therefore ft(Σ) is a family
of ωt-Lagrangian (and hence totally real) surfaces connecting Σ = f0(Σ) to f1(Σ)
which is Lagrangian with respect to ωst. It follows, in particular, that if Σ is a
rationally convex totally real 2-torus in C2, then its Maslov class µ ∈ H1(Σ;Z) must
be non-zero by [11, Example 2.2].
Thus, to prove Theorem 1.1 it is enough to produce a totally real torus that is
Cα-close to T and has trivial Maslov class. For α = 0, the existence of such a
torus may be deduced from Gromov’s h-principle for totally real embeddings (see
e.g. [6, §19.3]). It is quite probably possible to get Ho¨lder estimates from the convex
integration proof of the h-principle in [6]. In the case at hand, however, we can use a
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different approach going back to [7] and based on the cancellation/creation theorem
for pairs of complex points due to Eliashberg and Kharlamov [5].
According to [11, Example 2.2], the minimal positive value of the Maslov class on
a Lagrangian torus in C2 is always 2. Hence, we can find two oriented simple closed
curves γ1 and γ2 on T intersecting at a single point and such that µ([γ1]) = 0 and
µ([γ2]) = 2. Let I ( γ1 be an arc on γ1 containing its intersection point with γ2.
Example 2.1. If T = Tst, one can take γ1 = Tst∩{z2 = z1} and γ2 = Tst∩{z2 = 1}.
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Figure 1. First step in the modification of T .
First, we can isotopically modify T in a neighbourhood of I so that the new
surface has two positive (with respect to some orientation on T ) complex points,
one elliptic and one hyperbolic, at the ends of I. If the elliptic point is on the
negative side of γ2 with respect to the orientation on the torus, then µ([γ2]) = 0
on the modified surface. (To see this, note that the Maslov class takes value 2 on
a small positive loop about a positive elliptic point and that this loop gives the
homological difference in the complement of the elliptic complex point between the
modified γ2 and a representative γ
′
2 of [γ2] on T avoiding the neighbourhood affected
by the isotopy, see Fig. 1.) Next, we can cancel these two complex points out again
by an isotopic modification in a neighbourhood of the complementary arc γ1 \ I.
The Maslov class of the resulting totally real torus is trivial, as it takes value zero
on the curves γ′1 and γ2 generating its first homology group.
As observed in [10, §2.3] (see also [8, §9.5]), the isotopies in the preceding para-
graph can be constructed by realising the surface in a neighbourhood of a simple
arc as the graph of a complex valued function on a domain in C and adding to it
a suitably cut off solution of the equation ∂u
∂z
= ϕ with the right hand side having
arbitrarily small Lp-norm for any fixed p > 0. (More precisely, ϕ may be chosen
uniformly bounded by a constant depending on the geometry and having arbitrarily
thin support.) By a classical result (see e.g. [1, Theorem 4.3.13]), the solution of
this ∂-equation given by the Cauchy transform of ϕ will have C1−
2
p -norm bounded
by a constant times the Lp-norm of ϕ (cf. [10, p. 735] and [8, Lemma 9.5.3], where
the C0-version of the same estimate is used). Thus, we can ensure that our isotopies
are arbitrarily Cα-small for any fixed α < 1 by taking p large enough. 
Remark 2.2. Note that the perturbed torus differs from T only in a neighbourhood
of the curve γ1.
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Remark 2.3. It was shown in [2] that all Lagrangian 2-tori in C2 with the standard
Ka¨hler form are Lagrangian isotopic. So the space of rationally convex totally real
2-tori in C2 is in fact connected.
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